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INTRODUCTION. The aim of this article is to extend to Hopf algebras the concept of non-abelian 
cohomology of groups. Introduced in 1958 by Lang and Tate ([8]) for Galois groups with coefficients in 
an algebraic group, the non-abelian cohomology theory in degree and 1 was formalized by Serre ([12], 
[13]). For an arbitrary group G acting on a group A which is not necessarily abeUan, Serre constructs a 
0-cohomology group H°(G, A) and a 1-cohomology pointed set H^(G', A). These objects generalize the 
two first groups of the classical Eilenberg-MacLane cohomology sequence Yi*[G,A) = Extzjcj (Z, A), 
defined only when A is abelian. It is well-known that the non-abelian cohomology set H^ (G, A) 
classifies the torsors on A (see [13]). 

The non-abelian cohomology theory of groups comes naturally into play in the particular case 
where S/R is a G-Galois extension of rings in the sense of [9]. The situation is the following: a finite 
group G acts on a ring extension S/R and, in a compatible way, on an 5- module M. The coefficient 
group is then the group of 5-automorphisms A = Aut5(M) of M. In [10], one of the authors showed 
that the set H^(G, Auts(M)) classifies as well descent cocycles on M as twisted forms of M. 

Galois extensions of rings may be viewed as particular cases of Hopf-Galois extensions defined by 
Kreimer-Takeuchi ([7]), where a Hopf algebra H (non necessarily commutative nor cocommutative) 
plays the role of the Galois group. Indeed, given a group G, a G-Galois extension of rings is nothing 
but a Z -Hopf-Galois extension of rings, where Z stands for the dual Hopf algebra of the group ring 
Z[G]. 

Suppose now fixed a ground ring fc, a Hopf algebra H over A:, and an if-comodule algebra S (for 
instance, any if-Hopf-Galois extension S/R is based on such a datum). For any (if, 5')-Hopf module 
M, that is an abelian group M endowed with an S'-action and a compatible if-coaction, we define in 
the cosimplicial spirit a 0-cohomology group H°(if, M) and a 1-cohomology pointed set H^(if, M). 

The philosophy behind the construction is the following (precise definitions will be given in the 
core of the paper). Start with a G-Galois extension S/R, where G is a finite group, and with M a 
(G, 5')-Galois module, i.e. an abelian group M endowed with two compatible S- and G-actions. The 
group Aut5(M) inherits a G-action by conjugation. Let k'^ be the dual Hopf algebra of the group ring 
k[G]. A 1-cocycle in the sense of Serre is represented by a certain map a : G — > Aut5(M). By duality, 
a formally defines an element in M®kM*®kk'^ ■, which can also be seen as a map ^q, : M — > M(g)fcfc*^ 
satisfying some conditions. Assume now given, instead of G, a Hopf-algebra H coacting on a ring S. 
Let M be an [H, 5')-Hopf module, that is a module on which both H and S act in a compatible 
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way. We replace the former map : M — > M^kk by a map $ : M — > M^^H and state 
general requirements - the cocycle conditions -, which reflect the group-cocycle condition on a. This 
construction gives rise to a 1-cohomology pointed set H^{H,M). 

We establish two mains results. The first Theorem shows that the 1-cohomology set H^(if, M) 
generalizes the non-abelian group 1-cohomology set of Serre. The second one relates H^(i?,M) to 
Twist(S'/i?, A^o)) the isomorphy class of the twisted forms of an extended module M = Nq^rS. More 

precisely, we prove the two following statements: 

Theorem A. For a group G and a {k^ , S)-Hop{ module M, there is an isomorphism of pointed sets 

E.\k^,M)^R\G,AutsiM)). 

Theorem B. For a Hopf-algebra H and an (H, S)-Hopf module M of the form M = Nqi^hS, there 
is an isomorphism of pointed sets 

H^(if, M) ^ Twist No). 

The precise wording of Theorem A will be found in Theorem 3.2, and that of Theorem B in Theo- 
rem 1.2. As a consequence of Theorem B, we deduce (Corollary 1.3) a Hopf version of the celebrated 
Theorem 90 stated in 1897 by Hilbert in his Zahlbericht. 

In order to prove these two results, we bring in an airxiliary cohomology theory D*(if, M) 
{i = 0, 1) related to Descent Theory. The pointed set D^{H,M) classifies the (if, 5)-Hopf module 
structures on M and, in the case of a Hopf-Galois extension, the descent data on M. Moreover, it 

may be viewed as torsors on M (Proposition 2.8). 

We mention here that A. Blanco Ferro ([1]), generalizing a construction due to M. Sweedler 
([14]), defined a 1-cohomology set }i^{H,A), where H is a Hopf-algebra and A is an i7-module 
algebra. He applied his theory, which is in some sense dual to ours, to a commutative particular case: 
not only does H have to be a commutative finitely generated ^-projective Hopf algebra, but is a 
commutative Hopf-Galois extension. For any /e-module N, setting A = EndsiNi^f^S), Blanco Ferro 
showed in this particular case that his set 'H.^(H*,A) classifies the twisted forms of N^kS where H* 
stands for the dual Hopf algebra of H. 

0. Conventions. 

Let k he a fixed commutative and unital ring. The unadorned symbol ® between a right A;-module 
and a left fc-module stands for (g)fe. By algebra we mean a unital associative fc-algebra. A division 
algebra is either a commutative field or a skew-field. By module over a ring R, we always understand 
a right i?-module unless otherwise stated. Denote by ^Kob^ the category of i?-modules and by @et 
the category of sets. 

Let H be a finite-dimensional Hopf-algebra over k with multiplication fin, unity map rjH, comul- 
tiplication Ah, counity map en, and antipode an- Let S be an algebra, i^s its multiplication, r]s its 
unity map. We assume that 5 is a right i?-comodule algebra, in other words that S is equipped with 
an i/-coaction map As : S — > SfSiH which is a morphism of algebras. Let M be both an ^-module 
and an if-comodule with the iJ-coaction map Am : M — > M®H. If Am verifies the equality 

AM(ms) = AM(m)As(s), (1) 

for any m, E M and s E S,we say that M is an [H, S)-Hopf module (also called a relative Hopf module 
in the literature) and that Am : M — > M®H is {H, S)-linear. A morphism / : M — > M' of 
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(i?, S')-Hopf modules is an S'-linear map / such that (/^idju) ° Am — Am' o /• To denote the 
coactions on elements, we use the Sweedler-Heyneman convention, that is, for m G M, we write 
AM{m) = mofSimi, with summation implicitly understood. More generally, when we write down a 
tensor we usually omit the summation sign 

Denote by R the algebra of i?-coinvariants of S, that is = {s £ 5 | As{s) = s®!}. An 

5-module M is said to be extended if there exists an i?-module A^o such that M is equal to No(S)rS. 
The inclusion map V : R ' — ^ 5 is a (right) H-Hopf-Galois extension if is faithfully flat and the 
map : SiSirS — > S<^H, called Galois map, given on an indecomposable tensor s<S)t £ SiSirS by 

r^(s(g)t) = sAs{t), 

is a fc-linear isomorphism. By Hopf-Galois descent theory ([5], [11]), every (if, S')-Hopf module is 
isomorphic to an extended S-module. Conversely, an extended S'-module M = NqiSirS owns an 
{H, S')-Hopf module structure with the canonical coaction Am = idjVo^As : NqiSirS — > NqiSirS^H. 

Let G be a finite group. Denote by the fc-free Hopf algebra over the A;-basis {6g}g^G, with 
the following structure maps: the multiplication is given by 5g ■ 5gi = dg^g'Sg, where dg^g' stands for 

the Kronecker symbol of g and g'; the comultiplication Af,a is defined by Af,a{5g) = (5a®(56; the 

ab=g 

unit in k*^ is the element 1 = Sg] the counit £f,a is defined by ef.a{5g) = dg^eh the antipode (TfcG 

9€G 

sends Sg on 6g-i. When A; is a field, then k^ is the dual of the usual group Hopf-algebra k[G]. It is 
easy to see that a /j*^-Hopf-Galois extension is the same as a G-Galois extension of A;-algebras in the 
sense of [9]. To give an action of G on 5 is equivalent to give a coaction map of k'^ on S, the two 
structures being related by the equality 

^s{s) = J29{s)^Sg. 
geG 

An S'-module M will be called a {G, S)-Galois module if it is endowed with a (G, S')-action, that 
is a G-action 7 : G — > Aut/c(M) such that following twisted 5-linearity condition: 

g{ms) = g{m)g{s) (2) 

holds for any g & G, m E M, and s E S (when no confusion about 7 is possible, we denote for simplicity 
g{m) instead of 'y{g){m)). When 7 verifies (2), we say that the morphism 7 is (G, S)-linear. Denote 
by AutJ(M) the subgroup of Autfe(M) which is the image of 7. 

To give a (G, 5)-Galois module structure on M is equivalent to give a (k^, 5)-Hopf module 
structure on S. By Galois descent theory, a (G, S')-Galois module is isomorphic to an extended 
module Ni^irS. 

1. Non-abelian Hopf cohomology theory. 

In this section we define a non-abelian Hopf cohomology theory, and state our main result. Theo- 
rem 1.2, which compares in the Hopf-Galois context the 1-Hopf cohomology set with twisted forms. 
We deduce a Hopf-Galois version of Hilbert's Theorem 90. 

1.1. DeGnition of the non-abelian Hopf cohomology sets. 

Let H he a Hopf-algebra and S be an i7-comodule algebra. For any S'-module M, we endow M®H®'" 
with an S-module structure given by 

{m0h)s = ms®h, 

for m e M, /i e i/®", and s e S'. 
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Set W^(M) = Homfc(M, M^H^"") and Wg(M) = Horns (M, M®H®'^). We equip the it-module 
W^(M) with a composition-type product : W^(M)®W^(M) — > Wfe(M), defined by 

® Lf' = o if' if n = 

= (idM®/^!") ° (idM«)Xn) o (938)id|") o if n > 

for e Wfc (M); here Xn ■ H^"-^H^"- — > (iJ(g)iI)®" denotes the intertwining operator given by 

Xn{{ai® ■ ■ ■ <E)an)(8)(6i(K) . . . (8)6n)) = (ai(g)6i)(g) . . . (g)(an(8)6„). 

It restricts to a product still denoted on Ws{M). Thanks to the product ®, the modules W^(M) 
and W^(M) become a monoid: the associativity of is a direct consequence of the coassociativity 
of A^f and the neutral element is Vn = idM®??^"- Further we shall use that the group of invertible 
elements of the monoid W%{M) is Auts(M). 

Suppose that M is an if-comodule. Denote by T the Bip of HC>^H, the automorphism of H®H 
which sends an indecomposable tensor h®h' to h'®h. We define two maps : W°(M) — > W^(M) 
{i = 0, 1) and three maps d} : Wfc(M) — > Wfc(M) (i = 0, 1, 2) by the formulae 

(f(p = (idM^Mff) o (AM^idif) o {<p^a-H) o Am 

c?°$ = (idM(8)/Uff(8)idH) o {Am<S)T) o (^^cth) o Am 

= (idMOAff) o $ 
<i^$ = (idM®id/f ®?7i?) o $ = ^®r]H, 

where <^ : M — M and ^> : M — *• M®H are /c-linear morphisms. 

Lemma 1.1. Let M he an (H, S)-Hopf-module. The restriction of the above defined maps to the 
corresponding monoids 'W^g{M) and W\{M) are morphims of monoids which may be organized in 
the following cosimplicial diagram: 

W°(M) ^ W^(M) ^ W|(M) (3) 



Proof. We adopt the Sweedler-Heyneman convention and use the Hopf yoga, for instance, the fact 
that for any x,y & H, one has xo'SicrHixi)x2y = xo®£Hixi)y = x®y. First one has to show that c?V 
and are 5-linear. This assertion is obvious for d^ip. Let us prove it for We get, for any 

m & M and s £ 5, the equalities 

(f(p{ms) = [(idM<XiMH) o (AA^igjidn) o {(p®aH) o Am]("^s) 
= [(idAf(8)/i/f) o {AM(S)idH)]{ip{mo)so<S>crH{miSi)) 
= iidM'S)iJ.H)[{<firno)oSo'^<firrio)iSi(^aH{s2)aH{rni)] 
= </?(mo)oSo«)</'(mo)i(si<T//(s2))c7//(mi) 
= 'pimo)osi®ip(mo)iaHiini) 
= cPip{m)s. 
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The S- linearity of and d?^ is obvious. We prove it for d^^. For any m & M and s £ 5, set 
$(m) = m'®m" . We have d^^{m) = {{mQ)')Q®{{mQ)')iaH{'mi)®{mQ)'' , hence 

d°$(ms) = [(idM®/ij?®id//) o (Am®T) o ($®(T//) o AmK^tis) 

= [(idM®jU//®id//) o (AM®T')]((mo)'so®("^o)"®(^H("^iSi)) 
= (idM®MH®idH)[((mo)')oSo®((?Tio)')iSi®<''Jf('S2)o-H(mi)(g)(mo)"] 
= ((rno)')os®(("^o)')i^^//("^i)®("^o)" 
= d°$(m)s. 

We prove now that respects the monoid structures on Wg(M), that is 

dV®<^V' = (^'(¥'®<^'), d^^^d'^' = d\^^^'), and d'K) = Ufe+i 

for any if,ip' G Wg(M), any £ Wg(M), /c G {0, 1}, and any appropriate index i. Let us prove 

this on the 0- level for ip and ^p' in W^{M). For any m M, we have: 

{d^ip' ®d^ip){m) = {idM®fiH){d°(p'®idH){d^^^{m)) 

= (i;dM'X)Aiff)(d°95'®idH)(</'(™o)o®95(?^o)io-H(w.i)) 

= (/9'(99(m,o)o)o®95'(¥'(?^o)o)lO-H(99(mo)l)(^(mo)2Crif(TOi) 

= 99'(99(mo)o)o«)95'(95(mo)o)i£H(</'("''-o)i)crif(mi) 

= {idM®HH)i{^M o(p')®idH)[(p{mo)o®£Hiy:>{mo)i)aH{mi)] 

= {idM®IJ-H){{^M o 93')®idH)[93(mo)(8)(Tif(mi)] 

= {idM®HH){{^M o^' o ip)®aH)^M{m) 

= d°{tp'eip){m) 

and d^ ip ® ip' (m) = (zdM®MH)(<^''"</''<S)id//)(d^</'('^)) 
= (zdM®MH)((^''"¥''<2)idj^)(<^(m)®l) 
= {idM®fJ'H)if'{'fii'm))®l®l) 
= V9'((^(m))(^l 
= d^{ip' © (^)(m). 

We do not write down the computations on the 1-level, which are very similar to the previous 
ones. We leave to the reader the straightforward proof of d*(ffc) = ffc+i and also the easy checking 
of the following three formulae 

d^d° = dPd\ d^dP = d'^d^ d^d^ = d'd\ 

which mean that the diagram (3) is precosimplicial. □ 

We define the 0-cohomology group H° {H, M) and the 1-cohomology set (H, M) in the following 
way. Let 

H°(iJ, M) = {ipe Auts(M) I dV = d^ip} 
be the equalizer of the pair {dP, d^). It is obviously a group since is a morphism of monoids. 
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The set T} {H, M) of l-Hopf cocycles of H with coefficients in M is the subset of Ws{M) defined by 

(ZCi) $(ms) = $(m)s, for all m e M and s G 5" "I 
(ZC2) (idM«)eH) o $ = idM > . 

(ZC3) (f^e(f^ = (f^ } 

The group Auts(M) acts on the right on Z^{H, M) by 

where $ e 7}{H,M) and / G Aut5(M). Two 1-Hopf cocycles $ and are said to be cohomologous 
if they belong to the same orbit under the action of Auts(M) on Z^{H, M). We denote by H^(if, M) 
the quotient set Aut5(M)\Z'^(iy, M); it is pointed with distinguished point the class of the map 
vi = idM®r}H- 

For i — 0,1, we call H*(iy, M) the i^^-Hopf cohomology set of H with coefficients in the 
{H, S)-Hopf module M. 

1.2. The main theorem: Comparison of the 1-Hopf cohomology set with twisted forms in the Hopf- 

Galois context. 

Let if be a Hopf-algebra, ip : R — > S be an if-Hopf-Galois extension, and M — Nq^^S be the 
extended S'-module of an i?- module Nq. We endow M with the canonical {H, S')-Hopf module struc- 
ture given by the coaction Am — idjVo®As. The central result of this paper asserts that the Hopf 
1-cohomology set H^(if, M) is isomorphic to the pointed set Twist (S'/i?, A^o) of twisted forms of A'o 
up to isomorphisms. 

Let V : R — ^ S be any extension of rings and Nq be an i?-module. Recall that a twisted 
form of No (over S/R) is a pair (A'^, (/?), where N is an i?-module and ip : Ni^nS — > Nq^rS is an 
5- linear isomorphism. Let twist Aq) be the set of twisted forms of N^. Two twisted forms 
{N,ip) and {N' ,{p') of Nq are isomorphic if N and N' are isomorphic as i?- modules. Following [6], 
we denote by Twist (S'/i?, Aq) the pointed set of isomorphism classes of twisted forms of Ao, the 
distinguished point being the class of (A'o, idATo^ids). We mention here that all the results of [10] 
involving equivalence classes of twisted forms are actually proven for this definition of Twist (S/iZ, Aq) 
and not for the one given in [10, §6.3], where the equivalence relation is too restrictive. 

Theorem 1.2. Let H he a Hopf-algebra, ip : R — > S be an H-Hopf-Galois extension, and M = 
Nq^hS be the extended S -module of an R-module Nq. There is an isomorphism of pointed sets 

R\H,M) ^ Twist (5/i2,Ao). 

Theorem 1.2 allows us to state the following noncommutative generalization of Noether's coho- 

mological form of Hilbert's Theorem 90. 

Corollary 1.3. Let H be a Hopf-algebra and tp : K — > L be an H-Hopf-Galois extension of division 
algebras. Then, for any positive integer n, we have 

R\H,L^) = {1}. 

Here we denote by 1 the distinguished point of H^(i?, L"). 



Z^{H,M) = <^ $ e Wl{M) 
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Proof of Corollary 1.3. Observe that L" is isomorphic to the extended L-module K'^®kL. By 
Theorem 1.2, the pointed set H^(ff, L") is isomorphic to Twist (L/ivT, ivT"), which is known to be 
trivial ([10, Corollary 6.21]). □ 

The rest of the paper is mainly devoted to the proof of Theorem 1.2. This is done in two 
steps. At first we introduce a non-abelian cohomology theory D*(if, M), for i = 0,1, which is 
related to noncommutative descent theory. In Theorem 2.6, we prove the isomorphism D'^(i?, M) = 
Twist A^o)- Subsequently we show that the Hopf cohomology sets H*(iif, M) are isomorphic to 
the descent cohomology sets D* {H, M) . 

2. Descent cohomology sets. 

In this section we introduce two descent cohomology sets. We compute them in the Galois case 
and relate them to the usual non-abelian group cohomology theory. In addition, in the Hopf-Galois 
context, we prove that the 1-descent cohomology set classifies twisted forms and interpret it in terms 

of torsors on the module of coefficients. 

2.1. Definition of descent cohomology sets. 

Let if be a Hopf-algebra, S be an if-comodule algebra, and M be an {H, S')-Hopf module with 
coaction Am : M — > M®H. We define the 0-cohomology group D°(ii, M) by 

D°(i?, M) = {a e Aut5(M) | (a^idn) o Am = Am o a}. 

It is the set of the S-linear automorphisms of M which are maps of if-comodules. This set obviously 
carries a group structure given by the composition of automorphisms. 

Lemma 2.1. Let H he a Hopf-algebra and S be an H-comodule algebra. Any isomorpliism 
f -.M ^M' of{H, S)-Hopf modules induces an isomorphism of groups f* : D°(i?, M') — > D°(if, M) 
given on a' e B^{H,M') by: 

/V = r'oa'o/. 



Proof. The ^-linearity of f*a' immediately follows from the 5- linearity of / and that of a' . In order 
to prove that f*a' belongs to D^(H,M), it is sufficient to observe that the following diagram is 
commutative. 
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We introduce now a 1-cohomology set D^{H,M) in the following way. The set &{H,M) of 
1 -descent cocycles of H with coefRcients in M is defined to be the set of all fc-linear iJ-coactions 
F : M — > M®H on M making M an (if, S')-Hopf module. In other words, one has: 

(CCi) F{;ms) = F{m)As{s), for all m e M and s e 5 ^ 
(CC2) (idM(X)ejf) oF = idM > • 

(CC3) (F0idjf) o F = {idM® Ah) o F 



&{H,M) = If :M — > M®H 



Notice that C^{H, M) is pointed (hence not empty) with the coaction map Am as distinguished point. 

Lemma 2.2. Let H he a Hopf-algebra and S be an H-comodule algebra. Any isomorphism 
f:M^M' ofS-modules induces a bijection f* : C\H, M') — > &{H, M) given on F' e C\H, M') 

rF' = {f-^&dH)oFof. 

For any S-module M, one has 

(idjvf)* = idci(H,M)- 

For any composable isomorphisms of S -modules f : M — > M' and f : M' — > M" , the following 
equality holds 

(fo/)* = r o/'*. 

If moreover f : M — > M' is an isomorphism of {H, S) -Hop f modules, then f* realizes an isomorphism 
of pointed sets between C^{H,M') and C^{H,M). 

Proof. Let / : M — > M' be an isomorphism of /S-modules. The {H, 5')-linearity of f*F' immediately 
follows from the S-linearity of / and from the (H, S')-linearity of F'. The coassociativity of f*F' 
comes from the commutativity of the diagram 



^ MiSiH 




/•F'®idH 



whereas the compatibility of f*F' with the counity of H is expressed by the commutativity of the 
diagram 



M- 



M®H 





M' — ^ M'(gjH 
M' 




idM(gi£jj 



M 
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Hence we have shown that f*F' belongs to &{H,M). By the very definition, f*F' is bijective and 

(idM)* = idci(H,Af)- 

Let / : M — > M' and /' : M' — > M" be two isomorphisms of S'-modules. One has, for any 

F' e &{H, M'), the following equalities 

(/' o iriF') = ((/' o f)-'&dn) o F' o (/' o /) = ((/-I o f'-')&dH) o F' o (/' o /) = firF'). 

Moreover, if / is an isomorphism of {H, S')-Hopf modules, the map /* preserves the distinguished 
points: indeed, the equality f*^M' = Am is equivalent to the fact that / is a morphism of (if, S')-Hopf 
modules. □ 

Prom Lemma 2.2, one readily obtains the following result: 

Corollary 2.3. Let H he a Hopf-algebra, S be an H-comodule algebra, and M be an {H, S)-Hopf 
module. The group Aut5(M) acts on the right on C^{H, M) by 

{F^f)=rF={f-'mH)oFof, 

where F e C\H, M) and f e Aut5(M). 

Two 1-descent cocycles F and F' are said to be cohomologous if they belong to the same orbit under 
the action of Auts(M) on C^(if, M). We denote by D^{H, M) the quotient set Auis{M)\C^{H, M); 
it is pointed with distinguished point the class of the coaction Am- 

For z = 0, 1, we call D'(iy, M) the f'^-descent cohomology set of H with coefficients in M. The 
choice of this name finds its motivation in the following observation. Suppose that ip : R — > S is 
an if-Hopf-Galois extension. As shown in [11], an (if, S')-Hopf module may always be descended to 
an i2-module Nq, that is M is isomorphic to an extended 5-module Nqi^jiS. The set C^{H,M) is 
exactly those of all descent data on M described in [10]. 

Corollary 2.4. Let H be a Hopf-algebra and S be an H-comodule algebra. 

- Any isomorphism f : M — > M' of S -modules induces a bijection f* : D^{H, M') — > E)^(if, M). 

- Any isomorphism f : M — > M' of {H, S)-Hopf modules induces an isomorphism of pointed sets 
f* : D^{H,M') — > B^{H,M). 

Proof. Suppose that Fi and F2 are two cohomologous 1-cocycles of C^{H,M'), with g e Aut5(M') 

such that Fi = g*F2. Then = f*g*Fi = f*g*{f-^yf*Fi = if-^gfnf*Fi), so TFi and 

are cohomologous in &iH, M). □ 

2.2. Application to the Galois case. 

We work now with the Hopf algebra dual to the group algebra k[G] for G a finite group. Let 
ijj : R — > S be a A;*^-Galois extension and M a (G, S')-Galois module. We may assume that M is 
already extended, so that M is equal to Nqi^hS for an i2-module A^o- Endow M with the canonical 
{H, 5')-Hopf module structure given by the coaction Am = idjvQ(8)As. In this paragraph, we compute 
the descent cohomology set of with coefficients in M = Nqi^jiS in terms of the Galois 1-cohomology 
set of G with coefficients in Auts(M). 

Recall that for any group G and any (left) G-group A, one classically defines two non-abelian 
cohomology sets of G with coefficients in A (see [12] and [13]). This is done in the following way. The 
0-cohomology group H'\G, A) is the group A^ of invariant elements of A under the action of G. The 
set Z^{G,A) of 1-cocycles is given by 

Z\G,A) = {ae ed{G,A) \ a{gg') = a{gy{a{g')), yg,g'e G}. 

It is pointed with distinguished point the constant map 1 : G — > A. 
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The group A acts on the right on Z'^(G, A) by 

(a ^ a){g) = a~^a{g) \ 

where a ^ A, a ^ Z^{G,A), and g ^ G. Two 1-cocycles a and a' are cohoniologous if they be- 
long to the same orbit under this action. The non-abelian 1-cohomology set (G, A) is the left 
quotient A\Z^{G,A). Then H^(G, A) is pointed with distinguished point the class of the constant 
map 1 : G — > A. 

Let G be a finite group, ip : R — > be a G-Galois extension, and M = Nqi^jiS be the extended 
5-module of an i2-module Nq. The 5-module M is a (G, 5)-Galois module by the canonical action 
given on an indecomposable tensor n<S>s E No^rS by 

g{n^s) = niS>g{s), 

where g E G, n E Nq, and s E S. The group G acts by automorphisms on Aut5(M) by 

= (idjVo®5) o / o (idiVo®5"'), 

where g E G and / G Auts(M). Hence Auts(M) becomes a G-group and we get at our disposal the 
two non-abelian cohomology sets H°(G, Aut5(M)) and H^(G, Aut5(M)). 

Proposition 2.5. Let G be a finite group, : R — > S be a G-Galois extension, and M = No<^fiS 
be the extended S-module of an R-module Nq. There is the equaUty of groups 

D°(A;^,M) = H°(G,Aut5(M)) 

and an isomorphism of pointed sets 

D\k^,M)^H\G,AutsiM)). 



Proof Let us prove the equality between the groups. It is sufficient to show that for any / e Auts(M), 
the condition (/(gjidj-o) o Am = Am o / is equivalent to the fact that / is G-invariant. Indeed, the 
first condition reflects that / belongs to D°(A;*^,M), whereas H°(G, Auts(M)) is precisely the group 
Aut5(M)*^ of G-invariant automorphisms in Aut5(M). Pick / e Auts(M), n G A^o, and s e S. One 
has 

((/(8)idfcG) o AM)(n®s) = ^{f&dka){n®g(s)^Sg) = ^{f o {idNo^g))in^s)^dg. 

geG geG 

On the other hand, setting /(n(g)s) = n'®s', one gets 

{Am o f){n(^s) = AMin'(E)s') = ^{n'(E)g{s'))^Sg = ^{{idNo<^g) o f){n(»s)^6g. 

geG geG 

Since {5g}geG is a basis of , the relation (/(8)idj.G) o Am = Am o / is equivalent to the set of 
equalities / o (idjv^CR)*?) = (id^o^gr) o /, with g running through G. This exactly means that / is 
G-invariant in Aut5(M). 
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We prove now the isomorphism on the 1-cohomology level. Let us show that any F £ C^{k'^ , M) 
induces a (G, S')-Galois module action 7 e Autg(M) defined by 

F{m) = 5^(7(5))M®^g. 

For simplicity denote 7(5) (m) by g{m). The /c-linearity of F tells us that g{m-\-m') = g{m) + g{m'), 
for any g & G and m,m' £ M; the equality (idM^efcc) o F = id^ implies that l(m) = m; the 
coassociativity condition of F says that {gg'){m) = g{g'{rn)), for any g,g' ^ G and m £ M; finally 
the (A;*^, S')-linearity of F is equivalent to the (G, 5')-linearity of 7. As shown in [10], the action map 
7 gives rise to the 1-Galois cocycle a : G — > Auts(M) defined by 

"(5) = 7(5)0 (idiVo<H>5"^)- 

It is easy to check that the correspondence between F and a is bijective. Thus already at the 1-cocycle 
level there exists a bijection between Z^(G, Auts;(M)) and C^{k^,M). 

Take two cocycles F and F' in C^{k'^, M). Denote by 7 (respectively 7') the corresponding Galois 
actions and by a (respectively a') the Galois cocycles associated with 7 (respectively 7'). Suppose 
that the cocycles F and F' are cohomologous, with / E Aut5(M) such that (/^id/^G) o F = F' o f . 
Then / o -^[g) = 7' (5) o /, for all g E G, or equivalently 7(5) = o 7' (5) o /. Therefore 

"(5) = /"^ o j'{g) 0/0 (idATo^ff"^) 

= /"^ o 7' (5) o (idiVo<S>5~^) o (idiVo<H>5) o / o (idjVo<8>5~^) 
= r'oa'(5)o5/, 

which means that a and a' are Galois-cohomologous. Conversely, the previous equalities show that 
two cohomologous Galois cocycles a and a' give rise to two cohomologous cocycles F and F' in 

2.3. Comparison between the 1-descent cohomology set and the set of twisted forms in the Hopf-Galois 
context. 

Let H he a Hopf-algebra, ip : R — > S be an i/-Hopf-Galois extension, and M = Nq^hS be the ex- 
tended 5"- module of an i?- module A^o • We endow M with the canonical (H, S')-Hopf module structure 
given by the coaction Am = idiVo^As. The main result of this paragraph asserts that the descent 
1-cohomology set D^(i7, M) is isomorphic to the pointed set Twist (S'/i?, Aq) of twisted forms of Aq 
up to isomorphisms. 

Theorem 2.6. Let H be a Hopf-algebra, ip : R — > S be an H -Hopf-Galois extension, and M = 
Nq^rS be the extended S-module of an R-module Nq. Then there is an isomorphism of pointed sets 

B\H,M) ^ Twist(S'/i?,iVo). 



In order to prove Theorem 2.6, we need an intermediate result. For any F E C {H, M) denote 
by Np the i?-module of F-coinvariants, that is Np = {m E M \ F{m) = m^l}. We state the 
following lemma: 
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Lemma 2.7. Under the same hypotheses as in Theorem 2.6, for any F e C {H, M), there exists an 
isomorphism 

(fF ■■ Nf<S>bS M 
given by (pF{m®s) = rns, for any rn £ Np and s £ S. 

Proof. The existence of the isomorphism (fp resuhs from Hopf- Galois descent theory [11. Theorem 
3.7] (see also [5]). Indeed, consider the functor ^^restriction of scalars" ip* : ^ohs — > 3)Jobfl and its 
left adjoint functor tpi : ^O^r — > Sdob^, the functor '^extension of scalars" . Then ipp is nothing but 
a counit for the comonad on 'Mois induced by the adjunction 'ifji H (,/;* (see, e.g., [4]). 

We explicit now the expression of (fp. By arguments stemming from descent theory ([3], [10]), the 
S'-module M is isomorphic to Nd^uS, where A^^ is the i2-module deduced from the Cipolla descent 
data d on M associated to the (H, S')-Hopf module structure of M. By [10, Prop. 4.10], d is the map 
given by the composition 

M — ^ M®H -^-^ M®s{S®H) ^ M®s{S®rS) -^-^ M®rS, 

where (3 (respectively ff ) is the obvious fc-linear (respectively S-linear) isomorphism and is the 
Galois isomorphism mentioned in the Conventions. 

Let us now compute d. For m E M, set F(m) = m,i®hi £ M®H. For any fixed index ^, set 
r^^(l(g)/ij) = Sij&ij, or equivalently SijAs(tij) = l^hi. So 

d{m) = y^^y^^niiSij^tij. 
i j 

According to [10, Cor. 4.11], we have = {m G M \ - miSij/^sitij) = m®l}, therefore 
Nd = {meM I ^mi(g)/ij = m(g)l} = {m e M | F{m) = m®l] = Np. 

i 

It is proven in [3] that the descent isomorphism from N^^jiS to M is given by the correspondence 
m<Sis I — > ms for m e and s E S. □ 

Proof of Theorem 2.6. Let F be an element of C^{H, M) and (pp be the isomorphism from Nf^SirS 
to M = NqiSirS given by the previous lemma. The datum {Np, Lpp) is a twisted form of A^o- Denote 
by f the map from C^{H, M) to the set twist(S'/i?, Nq) defined by 

f{F) = {NF,^F). 

The map T obviously sends the distinguished point Am of C^{H,M) to the distinguished point 
(iVo,idjv,®^5) of twist(5/i?,iVo). 

Suppose that F and F' are cohomologous in C^{H,M). We claim that the corresponding 
descended modules Np and Np' are isomorphic in ?9lobfl;. Indeed, let / G Aut5(M) such that 
(/®idij) o F = F' o f . For any n £ Np, the image /(n) belongs to Np^, since 

F'ifin)) = imdH)iFin)) = (/®idjf)(n®l) = /(n)®l. 

So the automorphism / induces an isomorphism from Np to Np/ . From this fact we deduce a quotient 
map 

T : B\H,M) — > Twist{S/R,NQ). 
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We now prove that T is an isomorphism of pointed sets. In order to do this, we introduce the 
map V : twist{S / R, Nq) — > C^{H,M) which associates to any twisted form {N,ip) of M the map 
Fn : M — > M®H defined by 

Fn = (c/?"^)*(idAr®A5) = ((/J^idn) o (idjv^As) o 99"^ 

Since (idjv^Ag) is the canonical (if, S')-Hopf module structure on N®jiS, by Lemma 2.2, the map 
Fn belongs to &{H,M). 

Suppose that {N, cp) and {N' , (p') are two equivalent twisted forms of M via 1? £ Aut5(M). Set 
f = if' o ['&®ids) o ip~^. Observe that the following diagram commutes: 

Fn 




idiv®Ag 




N'®rS ■ 



f&dH 



id^/ig)As 



N'^rS^H ■ 



Fm> 



So Fjv' equals /*-Fjv and therefore V induces a quotient map 

V : Twist(5/i?, A/'o) — > D^(iJ,M). 
It remains to prove that T oV and V oT are the identity maps. 

The composition To P is the identity. Let {N,ip) be a twisted form of Nq. Since Np^(x)rS is 
isomorphic to N^rS (Lemma 2.7), we deduce from Hopf-Galois descent theory [11, Theorem 3.7] the 
existence of an isomorphism 1} : N — > Np^ ■ So the twisted form T{T>{N, (p)) is equivalent to {N, ip). 
In concrete terms, 1? fits into the following commutative diagram of ii-modules with exact rows: 







■ 



N^rS j : NiSirS^H 



(idAr®^s)lSi?7H 



id J 



Hence one gets T o X* = id. 



The composition V o T is the identity. Let F be an element of C^{M, H). Consider the following 
diagram: 



M 



Fn, 



M®H 




idATpiSiAs 

Nf®rS Np®rS®H 





M 
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The left and right triangles are trivially commutative. The upper trapezium commutes by the defini- 
tion of Ff^p . Let us show the commutativity of the lower trapezium. Pick an indecomposable tensor 

m®s in NpiSiRS. Setting As{s) = so®si, we have 

{ifF^idH) o (idArp(8)As)(m(8)s) = ipF{m'Siso)^si = mso<8>si. 

The latter equality comes from Lemma 2.7. On the other hand, using the {H, 5)-linearity of F, one 
has 

{F o ipp)[m^s) — F{ms) = F{m)As{s) — mso^si. 

So the whole diagram is commutative. Hence we obtain F = Fj^^, which means VoT = id. Therefore 
we conclude V oT = id. n 

2.4. The 1-descent cohomology set and torsors. 

Let G be a finite group and ^4 be a G-group. Recall that an A-torsor (or A-principal homogeneous 
space) is a non-empty G-set P on which A acts on the right in a compatible way with the G-action 
and such that P is an afiine space over A (see [13]). Pursuing our analogy between non-abelian group- 
and Hopf-cohomology theories, we are led to state the following definition. 

Let if be a Hopf algebra and M be an {H, 5')-Hopf module. An M-torsor is a triple {X, Ax, f3), 
where Ax ■ X — s- X®H is a map conferring X a structure of (i7, 5)-Hopf module and /? : M — > X 
is an S-linear isomorphism. Denote by tors(M) the set of M-torsors. It is pointed with distinguished 
point (M, Ajv//, idjv//)- We say that two M-torsors {X, Ax, (5) and {X',Ax',(3') are equivalent if 
there exists / £ Auts'(M) such that the composition p o f o j3'~^ : X' — > X is a morphism of 
{H, 6')-Hopf modules. Denote by Tors(M) the set of equivalence classes of M-torsors; it is pointed 
with distinguished point the class of (M, Am, idM)- We have the following result: 

Proposition 2.8. Let H be a Hopf algebra and M be an (H, S)-Hopf module. There is an isomor- 
phism of pointed sets 

D^{H, M) ^ Tors(M). 

Proof Define U : &{H,M) — > tors(M) and V : tors(M) — > &{H,M) by 

U:F^{M,F,idM) and V : {X, Ax, f3) ^ [3* Ax. 

We set here P*Ax = {/3~^&df{) o Ax ° 13, which, following Lemma 2.2, is an element of &{H,M) 
since Ax belongs to C\H,X). Using again Lemma 2.2, it is easy to check that U and V define maps 
U : B^{H, M) — > Tors(M) and V : Tors(M) — > ^^{H, M) on the quotients^ 

It is straightforward to prove V oU — idQi(^}j_M)- Moreover, the torsor (U o V)(X, Ax, 0) equals 
(M, (3* Ax,idM), which, via / = idju, is equivalent to {X, Ax, (3) in tors(M). □ 

3. The isomorphism between Hopf cohomology sets and descent cohomology sets. 

In this paragraph, we interpret the noncommutative Hopf cohomology sets in terms of the descent 
cohomology sets. 

Let if be a Hopf-algebra and (M, Am : M — > M®H) be an if-comodule. We define a map h 
from W^(M) to itself by the formula 

k;($) = $0 Am, 

for any $ G W^(M). The map «; is a bijection. Indeed, denote by A'^ the map (idMi^cn) ° Am, 
which is easily seen to be the ©-inverse of Am in W^(M). The inverse map of k is therefore given by 

k-\^) = ^eA'M. 
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Theorem 3.1. Let H be a Hopf-algebra, S be an H-comodule algebra, and M be an {H, S)-Hopf 
module with coaction Am ■ M — *• M®H. The identity map idAuts(M) realizes the equality of groups 

H°(i/,M) = B°{H,M). 

The translation map k induces an isomorphism of pointed sets 

K : R^{H,M) — > D^{H,M). 

As a consequence of this result and of Proposition 2.5, one immediately gets the following corollary 
which relates non-abelian Hopf-cohomology objects to non-abelian group-cohomology objects: 

Corollary 3.2. Let G be a finite group, : R — > S be a G-Galois extension, and M = Nqi^irS be 
the extended S -module of an R-module Nq . There is the equality of groups 

}i°{k^,M) = H°(G,Auts(M)) 

and an isomorphism of pointed sets 

H^(fc^,M) ^H^(G,Aut5(M)). 

Proof of Theorem 3.1. 

0- level. Let ip be an element of }i^(H,M). Then, by definition we have dP(p = d^ip. This equality 
implies 

(idM<8>/"ff)(c?°</2®idff)AM = (idM®A*H)(c^V®idH)AM- 
Let us compute the left-hand side on an element m G M. We get 

(idM<8)Mi?)(c^°¥'®idif)AM(m) = ip{mo)o'^<f{rno)iaH{mi)m.2 = </3(mo)o'^¥'(mo)i£ij(mi) 

= (Am o (/?)(mo£ij(mi)) = (Am o <p){m). 

The right-hand side applied to m £ M is equal to 

(idM®/iff)(rfV'X'idii-)AM(m) = (p{'mo)(8)lHrni = (p{rno)(S)mi = {(p(S)idH)AM{m,). 

Thus, one has Am o (p = ((^cgjidif) o Am, and therefore / belongs to 'D^\H, M). 

Conversely, let / be an element of D°(if, M). It satisfies the relation {f®\dH) o Am = Am o /. 
Compose each term of this equality on the left with (idM<H>MH) ° (Am^cth). The left-hand side 
becomes then exactly (P f. Apply the right-hand side on m G M. Setting m' = f{m), we get 

m[/i)m'^(JH{;m'2) = rn[/i)eH{;rni)lH = m'^lu = f{m)®lH = d^fim). 
Therefore d^f equals d^f, hence / belongs to H°(if,M). 

1- level. We begin to prove that k restricts to a bijection, still denoted by k, from 7}{H,M) to 
C^(if, M). With the aim to do that, we shall show that via k, for any i = 1,2,3, Condition ZC, of 
§1.1 is equivalent to Condition CC, of §2.1. We then prove that the bijection k induces a quotient 

map K : }i^{H,M) — > T)^{H,M) which is an isomorphism. Adopt the following notations. For 
$ e Z^{H,M) and m G M, we denote the tensor <l>(m) G M®H by m[o](Sim[i]. Similarly, for 
F G C^(if, M) and m G M, we set F{m) = m(o)(E>m(i). 



16 



Philippe NUSS - Marc WAMBST 



-Equivalence of Condition ZCi and Condition CCi. Fix $ G Z^{H, M) and set F = = $0 Am- 
So, for any m G M, we have F(m) = (w,o)[o]®(^''o)[i]''^^''i- Pick now s £ 5. Condition ZCi on $ 
means (ms)[o](E)(ms)[i] = m[o]S<8)m[i] . Let us compute F{ms): 

F{ms) = ((ms)o)[o]«)((ms)o)[i](ms)i 
= ("T-oSo)[o]«)(moSo)[i]miSi 
= ("i.o)[o]So®(mo)[i]miSi 
= i^(m)A5(s). 

We use here the fact that Am is twisted S'-Unear (second equality) . Hence F verifies Condition CCi . 

Conversely, fix F G C^{H,M). Condition CCi on F means (ms)(())®(ms')(i) = m(o)So'^''^^i(i)'Si, 
for any s in S. Set $ = k~^{F) = F ® A'j^^, so #(m) = (mo)(o)<H)('Tio)(i)Ci?('T^i)- Compute $(ms): 

$(ms) = ((ms)o)(o)<8)((ms)o)(i)(T//((ms)i) 

= {moSo)^o)<Si(moSo)(i)(TH{si)aH{mi) 
= (mo)(o)So®(?Tio)(i)SicrH(s2)(:^i/(mi) 

= ("^o)(o)'S®(mo)(i)a//(mi) 
= $(m)(s(8)l). 

Thus $ verifies Condition ZCi. 

- Equivalence of Condition ZC2 and Condition CC2. We still take * G Z^(if, M) and set F = = 
$ Am, so F{m) = (mo)[o]<H>("^o)[i]"^i, for any m G M. Pick s G 5. Condition ZC2 on $ is given by 
the relation m[o]£H('T^[i]) = m. Let us verify Condition CC2 for F: 

{idM®£H)F{m) = (mo)[o]e_ff((mo)[i])£if(mi) 
= (mo)eif(mi) 
= (idM®eif)AM(m) 
= m. 

Conversely, if F verifies Condition CC2, an easy computation shows that $ = F e> A'j^ fulfils 
Condition ZC2. 

- Equivalence of Condition ZC3 and Condition CC3. We introduce the deformed differential map 
6 : Wl{M) — ^ W|(M) defined on $ G Wl{M) by the formula 

(5$ = (idM®T) 0^2$ 

(recall that T is the flip of if(g)if, see § 1.1). We prove now that Condition CC3 on G Wl{M) may 
be translated into the equality 

(fFeSF = (fF. (4) 
Indeed, as a consequence of the definitions of and of iP, one gets 

d'F^SF = (idM^MH )(idM®X2)(c?'F®id|')(5F = (idM®/x|^)(idM®X2)(i^®?7H®id|^)5F. 
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Take m ^ M and observe that we have 6F(m) = m(o)®l(E)m(i). Let us compute {(PF<s> SF){m): 

{d^FedF){m) = {idM^f^f){idM®X2){F(E)rjHm%^)SF{m) 

= (idM®M|^)(idM®X2)(i^®??if®id|^)(m(o)»l®m(i)) 
= (idM®M|^)(idM®X2)(i^(m(o))«>l(»l«)m(i)) 

= ^(™(0))®'''"(l) 

= ((F(g)idff) oF)(m). 

Since d^F = (idM^Aj^) o F, Condition CC3 is equivalent to Equality (4). 

Let $ be an element of Wg{M). Set F = = <1?0 Am- We write down a sequence of 

equivalent assertions which begins with Condition ZC3 on $ and ends with an avatar of (4). 

d^^erfO* = ^ d:\Fe A'M)ed^{Fe A'm) =d\Fe A'm) 

d^Fed'^A'j^ed^Fed^^A'^ =d^Fed^A'M 
^ d^Feid^A'j^^ed^^Fed^^A'^ed^AM) =d^F 

It suffices now to prove d'^A'j^ d'^F @ d^A'j^ & d^ Am = ^F. For any m G M, one has the two 
equalities d^A'^{rn) = mQ®miaH{jni)®aH{jn2) and d^AMim) = mQ®mi®m2. Thus one gets 

{d^A'^ ® d^AM)[m) = rno®m\aH['nfi^)'nrii®aH{'nfi2)rn^ = mo®mi®aH{'m2)m^ = mo^mi®!. (5) 

It remains to compute (d^A^j d}^F){m). Denote the tensor d^F{mo) G M®H by a;®?/, the sum- 
mation being implicitly understood. Then d^F{m) is given by a;o(E)a;ia//(mi)(8)y. We also have 
d^A'^^m) = mo(8)crij(mi)(8)l. Therefore we get 

{d'^A'^ ® d°F){m) = a;o®<T//(a;i)x2crH(mi)(g)l?/ = x®aH{mi)®y. (6) 

Combining (5) and (6), one obtains 

{{d^A'M s (fF) <s{(fA'M ® d^AM))(m) = x®aH{rni)m2®yl 

= (idM«)r)(a;®y(g)e//(mi)l) 

= (idM®r)(F®idH)(mo(g)£H(mi)l) 

= (idM®r)(i^(m)®l) 
= {idM^T){d^F){m) 
= iSF){m). 

- Factorization otk. We claim that the bijection R factorizes through an isomorphism from H^(i^, M) 
to D^(if, M). Indeed, take $ and two cohomologous l-Hopf cocycles and / G Auts(M) satisfying 
the equality d^f~^ © ^> = Set = and = Oiie ^i^s then the equivalences 

dV-^0$0dO/ = ^' ^ dV"'®(i^®A;,)0d°/ = i^'®A;, 
^ FeA'^^dPfeAM^d^f^F' 
^ Fed^f = d^feF' 
<=> Fof = ifmn) o F' 
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The last equality means that F and F' are descent-cohomologous. Observe that the third equivalence 
is a consequence of the equality dP f = Am & d^f & A'j^j, which may be easily checked by the reader. 

□ 

Post-scriptum. The present work in its first preprint version led T. Brzezihski to generalize the 
descent cohomology to the coring framework [2]. For any coring C and any C-comodule M, this 
author defines two descent cohomology sets D^{C,M) and D^{C,M), which coincide respectively 
with D^{H, M) and D'^{H, M) (notations of § 2) when C is the coring S®H. 
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